Differential forms and Hodge numbers 

for toric complete intersections 

Helmut A. HAMM 

Abstract: We discuss conditions for complete intersections in a toric vari- 
ety which allow to compute Hodge numbers if the complete intersection is 
a quasi-smooth complete variety. A preliminary step is the computation of 
the Euler characteristic of differential forms, we also look at symmetric or 
arbitrary forms instead of the usual alternating ones. 

The notion of a complete intersection in a projective space is well-known. 
Here we will replace the projective space by an arbitrary toric variety and 
will use the notion of a complete intersection in this more general context. 
We will speak of toric complete intersections then (so a toric complete in- 
tersection need not be a toric variety). In contrast to the projective space a 
toric variety is not necessarily smooth. In fact, we will consider the case of a 
complete intersection which is smooth or at least quasi-smooth and therefore 
a ^-manifold. 

We will look at algebraic differential forms on such subvarieties, not only at 
the usual alternating forms but also at forms which are symmetric or arbi- 
trary in the sense that no symmetry condition at all is imposed. 

Since toric complete intersections are equipped with numerical data it is nat- 
ural to compute the dimension of the cohomology groups of differential forms. 
We will restrict here to the easier task of computing the Euler characteristic. 

In the case of alternating differential forms we will proceed to the ques- 
tion how to compute the Hodge numbers h'^'^. The main ingredient is the 
computation of the Euler-Hodge characteristics e^'^ for non-degenerate com- 
plete intersections in tori. These invariants have already been computed by 
Danilov and Khovanskii [D-K]; they dealt primarily with hypersurfaces and 
reduced the more general case of complete intersection to this special case 
by the trick of Lagrange multipliers. Here we will proceed in a different way: 
we will only partially reduce to hypersurfaces, in this way we will avoid in- 
creasing the dimension of the toric variety as in [D-K]. 

Using the Euler-Hodge characteristics for non-degenerate complete intersec- 
tions in tori it is possible to compute the Hodge numbers h^'^ at least in 
two cases: for compact smooth toric complete intersections and for compact 
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quasi-smooth varieties which can be decomposed into non-degenerate com- 
plete intersections in tori. We will introduce a class which includes both 
cases. To this end we intoduce the notion of non-degeneracy at infinity and 
show that the Hodge numbers can be computed for compact quasi-smooth 
varieties which admit a decomposition into smooth complete intersections 
which are non-degenerate at infinity. We conclude with several examples 
where we calculate the Hodge numbers. 

Note that this paper constitutes a revised and enlarged version of the preprint 
"Hodgezahlen voUstandiger Durchschnitte in Tori" which was quoted in [H2]. 

1. Toric vairieties and subvairieties 

Note that for the computation of the Euler characteristic of differential forms 
(section 2) we will only need sections 1.1 - 1.3, whereas sections 1.4 - 1.6 pre- 
pare section 3. 

1.1. A toric variety X of dimension m contains the m-dimensional torus 
T ^ (C*)™" as a dense open subset. Let M ~ Z™ be the group of charac- 
ters on T and N ~ Z™ the group of one-parameter subgroups of T. Then 
0{T) — C[M] , because we prefer to work in the algebraic category. Note 
that there is a canonical pairing <,> on N x M which comes from the 
canonical scalar product on M™'. Now X is defined by a fan J-" in N^, where 
iVs; := (g)^ M ~ M™: X = X^. Note that X is endowed with a T-action. 
See standard references like [K-K-M-S] or [O]. 

Remember that Xjr is complete, smooth, quasi-smooth if and only if T is 
complete, regular, or simplicial, respectively. 

Let us fix a fan J-" and put X := Xjr. We may describe X in a different way, 
namely as a quotient. This possibility has been remarked very early, see [Dz], 
but with restrictions on the fan; for the general case see [C]. See [A], [Ba-C], 
too. The model is ~ (C^+i \ {0})/ ~ . In [Ba-C] this method has been 
used in order to study the Hodge theory of toric hypersurfaces. 

We will use a modified approach here, however, which is comparable to the 
use of the graph of a mapping instead of the mapping itself and has numerical 
advantages. For the relation to the general process of forming quotients see 
also [H3]. 

So we proceed as follows (see also [H3]): Let pi,...,pr be the generators 
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of the semigroups a N, a being the edges (i.e. one-dimensional cones) 
in J^. Now let us look at the following fan J-"' in M''+"* (and not in R'', as 
usual): Instead of pj let us take the canonical unit vector ej. If ex is a cone 
in J-', generated by pj-^, . . . ,pj^, we have a corresponding cone a', generated 
by , . . . , Cj^ . Let us take all cones a' obtained in this way, together with 
their faces. In this way we get a fan T'. Let X' :— Xj-i. 

We have a partition of C*"^™ by subsets of the form 5*1 x ... x Sr+m with 
Sj = C* or Sj = {0}. If a' is a cone, generated by ej-^, . . . ,ej^, then 
Xa' = Ui X . . . X Ur+m with Uj := C for j = ji,...,js and Uj := C* 
otherwise. Now X^./ contains exactly one closed (C*)''"'""*-orbit O^-', and 
Oa' ^ Si X . . . X Sr+m with Sj = {0} fiir j = ji, . . .,js and Sj = C* other- 
wise, the partition above is therefore the partition into orbits. Furthermore, 
Xjri = UreJ"' -^T open subset of x (C*)"^ which can be written as 

union of sets of the partition above. Therefore Xjn is much more intuitive 
than Xj^. 

We have an action of the torus (C*)*" on C''"'""*: 

CO ((^j^, . . . , (^j,, 2^1, . . . , ■ — (ciCl ) ■ ■ ■ ) Cj-^j., C ^ Zi, . . . , C ^ -Z^^), 

where p* := {pu, . . . ,Pri)- In particular, (C*)*" acts on Xj^i, too. 

Let a be the cone in J-" generated by pj-^, . . . ,pj^. Then we have a homo- 
morphism from 0{X^) = C[Z™ n a] to 0{X^,) = C[Z'+™ n a'], defined by 
zi ^ (<P^'i> ..... (<Pr'i>zi. For if g e Z"^, g e a, i.e. < pj,q >> for 
j = ji, . . . , js, then q corresponds to the element e C[Z"* fl &]. Obviously, 
• . . . • C<P^'i>z'i e C[Z^+"* n a'] . So we have a morphism tt^ : X^, X^. 
Since (C*)'' is an abelian and therefore reductive group which acts on the 
affine variety Xo-' the corresponding algebraic (and therefore categorical) quo- 
tient Xfj///{C*Y := Spec{0{Xa'Y'^*^'^) exists. Obviously, the morphisms tTo- 
fit together to a morphism tt : Xj^/ Xjr. 

Theorem 1.1.1 (cf. [H3]) If ci G J-", the morphism tTo- induces an isomor- 
phism of the algebraic quotient X^i / /(C*)'' onto X„. 

Proof. Let a be as above. Then the monomials Ci^^''*^ • . . . • Cr^^''^'«>^^ 
q e Z"*, < Pj,q >> fiir j — ji, ■ ■ ■ ,js, form a basis of the vector space of 
the (C*)^-invariant elements of 0{Xfji). 

Therefore Xj- is a categorical quotient, it can be obtained by glueing (sc. 
affine) algebraic quotients. In fact, if F is simplicial we have a geometric 



3 



quotient, i.e. the (closed) points of Xjr correspond to the (C*)''-orbits: 

Theorem 1.1.2: (cf. [H3]) If F is simphcial Xj: is a geometric quotient 
with respect to the (C*) ''-action on Xjn. 

We can describe the relation between Ox' and Ox in the following way, too. 
The action of (C*)^ defines a Z^'-grading on -n^.Ox''- t^*Ox> = ®.seZ'-(7r*Ox')s- 
If o" is a cone as in Theorem 1.1.1, (7r*Ox')s(^o-) is the complex vector 
space spanned by all monomials ..... Q^^'^'^'^^'^^ z'^ with q E Z™, 

< Pj-iQ. >^ fur j = ji, . . . , js- Therefore we can speak of graded n^Ox'- 
modules T. T — ®se'E^Ts- 

In particular, we obtain Ox — {'^*Ox')qi see the proof of Theorem 1.1.1; so 
{tt*Ox')s is an Ox-module. 

1.2. The advantage of representing X as a quotient becomes clear when we 
pass to subvarieties of X. We will do this first in a special case. 

This is motivated by the case of projective varieties: A subvariety V of P„t(C) 
can be written as {x G Pm(C) | = . . . = fk{x) = 0}, where fj is a sec- 
tion of the hue bundle Op^(c){dj) on Pm(C). We can avoid the language of 
line bundles: ij corresponds to a homogeneous polynomial Fj on C""*"^; then 
V = 7r{V'), where V := {z G C^+i \ {0} | = . . . = Fk{z) = 0}, and 

TT : C"*"*"^ \ {0} — > Pm(C) is the canonical mapping. 

For s eZ^ we have the following action of (C*)'' on C: c o i := c^^ • . . . • cp't. 
Remember that (C*)^ acts on C^+'^ as indicated before. (*) 

Let H e C[Ci, . . . , Cr, zi, \ ...,Zm, z~^]. Obviously: 

Lemma 1.2.1: The following conditions are equivalent: 

a) H is equivariant with respect to (*), 

b) if is a linear combination of monomials of the form (^'^z'^ with pj— < 
Pj,q >= Sj, j = l,...,r, 

c) H defines a global section h of (tt^OxOs- 

We can also proceed in the following way. Let us consider the following sub- 
sheaf Ss of i*OT) where i: T ^ Xjr denotes the inclusion of T in Xjr: if 
(J e J-" is generated by p^^, . . . ,pj^, Ss{X„) is by definition generated by the 
z'^ with < Pj^,q >> —Sj^,\ = 1,...,/. Here z"^ e 0{T) is simultaneously 
considered as a section in {i^,OT){Xa-). 
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If H satisfies the conditions of Lemma 1.2.1 and if we replace C^z^ by z"^ 
within H, we obtain a Laurent polynomial h E C[zi, z^'^, . . . , z„i, z~^^], and 
h can be viewed as a section in Ss- On the other hand, each Laurent poly- 
nomial which is a linear combination of monomials z'^ with < Pj,q >> —Sj, 
j — 1, . . . ,r, can be interpreted as a section of ^S^ and leads to an equi vari- 
ant Laurent polynomial H, replacing 2;^ by (^''z'^ with pj :—< pj,q > +Sj, 
j = l,...,r. 

In particular the global sections of (tt^O^Os ^-^d Sg correspond to each other. 
It is easy to see that in fact (tt^CxOs — ^s- 

For i = 1, . . . ,k fix dii, . . . ,dir G Z. We can look at the following action of 
(C*)''onC^: co{ti,...,tk) := (4'' ■ . . .-cf'Hi, . . . ,4'^^ ■ . . .-cf^Hk). Remember 
that (C*)^ acts on C'^+"^ as indicated before. 

Let G,,...,Gk e C[Ci,...,Cr 

, Zi, Zi , ■ • ■ , Z,n^ ) 

G := Sup- 

pose that G is equivariant. Then the set Y' :— {(C, z) E X' \ G(C, z) — 0} is 
(C*)''-invariant. Define Y := 7r{Y'). 

We want to show that y is a closed algebraic subspace of X. This is easy 
under a supplementary hypothesis: 

Suppose now that the following holds: For every a E T generated by 
Pj^, . . . ,^pj^ there is a g e M such that < pj^, q >= —sj^, A = 1, . . . ,1. Then 
2;^ e Ss{Xo-), and 2;^ trivializes Ss\X^: Sg is a line bundle. In particular we 
may then speak of zeroes of sections. 

Put di := {dii, . . . , dir),i = 1, . . . ,k. Then the procedure above associates to 
Gi, . . . ,Gk Laurent polynomials gi, . . . ,gk G C[zi, z^^, . . . , Zm, z^] as well as 
global sections gi in {n^Ox')di, • • • ,gfe in (7r*Cx')dfe- Obviously gi is a linear 
combination of monomials with < Pj,q >> —dij, j — 1, . . . ,r. 

Lemma 1.2.2: Assume that the following holds: For every a E J^, spanned 
by pj-^^, . . . ,pj^, and every i G {1,...,A;} there is a g G M such that < 
Pj^,q >— —dij^, A — 1, . . . , s. Then Y is the set of zeroes of the sections 
Ell ■ ■ ■ 1 Ekt 

Note that the hypothesis yields that we have sections in line bundles, so we 
can speak of zeroes of these sections. In particular, F is a closed algebraic 
subset of X. 
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Lemma 1.2.3: Assume that T is simplicial or that the hypothesis of Lemma 
1.2.2 holds. Then Y' = 7r-^(y). 

Proof: If T is simphcial the statement is obvious because Y' is (C*)*"- 
invariant and we have a geometric quotient. 

Now assume the hypothesis of Lemma 1.2.2. Let us look at 'n\n~^{X„^ : 
7r~^(Xcr) — )■ Xrj. Choose q as above, then Y' is defined by the invari- 
ant polynomials z^'^Gj. j = 1,. . . ,k. Therefore we have Y' D 7r~^(Xo.) = 
7i-\7iiY'n7r-\X^))). 

For the next section let us make the following remark concerning non-simplicial 
fans. The hypothesis of Lemma 1.2.3 implies the following condition on the 
numbers dij: 

For every a & J^, spanned by pj^, . . . , pj^ , and every i e {1, . . . ,k}, the vector 
spaces spanned by pj^, . . . ,pj^ resp. {pj^, dij^), . . . , {pj^, dij^) have the same di- 
mension. (**) 

1.3. Now we drop any hypothesis about the fan. 

Lemma 1.3.1: 

a) y is a closed algebraic subset of X. 

b) YnT={zeT\g,{z) = ... = gk{z)^0}. 

Proof: a) We know that 7r\7r~^{Xa-) : n^^Xcr) — >■ X^- is an algebraic quo- 
tient. Since Y' is a closed (C*)^-invariant algebraic subset of 7r~^{X^) we 
conclude by [Kr] p. 96 that y fl X^. is a closed algebraic subset of X^^. 
b) obvious. 

Let y 7^ 0. Generalizing the projective case let us call Y a (toric) complete 
intersection if Y has codimension k. We have: 

Lemma 1.3.2: a) If Y has codimension k in X we have that Y' has codi- 
mension k in X', too. 

b) Under assumption (**) the converse holds. 

Proof: First we remark the following: Let a E J-' and r E T' such that 
T^iO-j) = Ofj- Then the fibres of the mapping Ti\Or : Or ^ O^j have the 
dimension dim Or — dim O^ = {m + r — dim r) — (m — dim a) = r — dim r -|- 
dim a. 
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a) Let (7, T be as above. Then dim r > dim cr, hence dim Y' O O-,- < {m — 
k) + {r — dim r + dim a) < m + r — k. 

b) First let us assume that we have the hypothesis of Lemma 1.2.3, so 
Y' — 7r~^(y). Let o" be a cone of J-". Assume that dim Yr\0„ > m—k: Choose 
a face r of a' such that dim r = dim c, then 'K{Or) = 0„. Since Y' = 7r~^(y) 
we have that dim Y' nOr = dim Y nO^ + {r — dim r + dim a) > m + r — k, 
which gives a contradiction. 

In general we obtain the hypothesis of Lemma 1.2.2 if we replace M by some 
lattice M which contains M as a sublattice of finite index. This gives a toric 
variety X with a finite map p : X ^ X. In analogy to vr : X' — > X we 
can form n : X' ^ X , and we have a finite mapping p' : X' — )■ X' such 
that TT o p' = p o jt. Let Y' and Y be defined as Y' and Y but starting from 
our different lattice. Since p' is finite we have dimY' < m + r — k. By the 
special case treated before we get diml" <m — k. Since p is finite we obtain 
dim Y < m — k, too. 

Remark: We cannot drop the assumption (**) in Lemma 1.3.2: Let cr be a 
cone of J- which is not simplicial, spanned by pj^ Pji ■ 

Then Y' := {C^, = 

■ ■ ■ ~ Cji = 0} defines a complete intersection in X' of codimension I, where 
di — Cj^ji — 1, . . . ,1, whereas Y — has codimension dim a < I. 

Lemma 1.3.3: Assume that the Jacobian matrix of G has rank k along Y'. 

a) If T is simplicial y is a y- manifold of pure dimension m — k. 

b) If T is regular y is a manifold of pure dimension m — k. 

Proof: a) It is sufficient to show that YnXu is a purely m — A;- dimensional V- 
manifold around F flOo-, where a G J-" is arbitrary. Without loss of generality 
we may assume that a is generated by pi, ... ,Ps and that pi, . . . ,Ps, Cg+i , . . . ,e. 
is a basis of W^. Let A -.^ C x {(1, . . . , 1)} x (C*)"*"" C C x (C*)"' and T 
the isotropy group of A. 

Then (C*)'' o A = X^ji: Let ((^, z) G X„i. Then we have to show the existence 
of a c G (C*)'' such that the following equations hold: 

Note that Cs+i, . . . , are determined by the first equations. Let log denote 
a fixed branch of the logarithm, e.g. the standard branch log re"^ := In r + 
-TT < < TT, 7j := j = s + 1, . . . , r. Then let (71, . . . , 7^) be a 
solution of the system of linear equations: 

-Pljll - Prjlr + log 2;j = 0, j = 1, . . . , S 
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Now put Cj :— e^'^^'^^ , j — 1, . . . ,s. 

The group F is finite: Look at all (71, ... , 7^) such that 

-Pijii - Psjis e z, J = 1, . . . , s 

Let D := det(pjj)i<jj<s. Then D'-fj G Z for all j by Cramer's rule. So G is a 
subgroup of C|) X {(1,...,!)}, where C£) C C* is the cyclic group of order 
D. 

Since Y r\ ^ {Ar\ Y') /T it is sufficient to show that Ar\Y' is smooth 
along Any nO^/. Now 

dG, _ dG, _ _ dC, _ 

i = 1, . . . , k, j = 1, . . . ,r. Let {(, z) e ^4 n F' fl Oa', in particular C^i — ...— 
Cs = 0, Cs+i = . . . = = 1. Then: 

dC dG 

-Pil^l^ - ■ ■ ■ - PjmZm-Q^ = 0, J = 1, . . . , S, 



dG dG dG 



Since det{(pij)i<ij<s) ^ the vectors . . . , g, g^, . . . , |g depend at 

{C:z) linearly on gf^,---;^^- Consequently, by hypothesis the partial 
derivatives . . . , gf^, ■ ■ ■ , in (C, 2;) must span a space of dimension 
k, which implies our assertion, because . . . , (^s, Zg+i, . . . ,Zm are coordinates 
for A. 

b) We can assume above: pi — ei, . . . ,Ps — Cs- Then F is trivial. 

Under the assumption of Lemma 1.3.3a) resp. b) we call Y a quasi-smooth 
resp. smooth complete intersection. 

The hypothesis of Lemma L3.3 should not be confused with the stronger 
condition that the Jacobian matrix of has rank k along Y' D O^' for 

all a e J^: 



For a E generated by pj^, . . . , pj^ , let 



Lemma 1.3.4. The following conditions are equivalent: 
a) the Jacobian matrix of G\Oa' has rank k along Y' fl O^', 
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b) the mapping {g^, . . . , g^) : (C*)"* — >■ C*^ has no critical point z with gi{z) — 

Proof: Without loss of generality we may assume that a is generated by 
pi, . . . ,ps. Then O^/ = {0} x (C*)™+'-^ c (C*)'^+™. 

We can identify /C*)™with^ {0} x{(l, . . . , 1) x (C*)"^ C (C*)^x (C*)'-^x 
(C*)™ ^ (C*)''+"*. Under this identification, g1 corresponds to the restriction 
of Gi- We have equation (*) of the proof of Lemma 1.3.3 again. Therefore 
g^^^ , . . . , ^ are linearly dependent on . . . , So we have that the 

following statements are equivalent: 

(i) the Jacobian matrix of GjOo-/ has rank k along A, 

(ii) the Jacobian matrix of GjA has rank k along A. 

Now 0„> is the (C*)^"'"'"-orbit of A, so a) is equivalent to (i), whereas b) is 
equivalent to (ii). 

1.4. We may proceed the other way round, starting with gi, ■ ■ ■ ,gk instead 
of Gi, . . . , Gfe. Let Ml, ... , be finite non-empty subsets of Z^. We may 
fix J-" and dij as before. Then we suppose that for i = 1, .... A; the follow- 
ing holds: < pj,q >> —dij,j = l,...,r, for all q G Mj. If gi G C[Mi], 
i = l,...,k, i.e. gi = YliqeMi «i<?^'^' we may pass from 5(1, . . . , to d, . . . , 
and gi, . . . , gfe as before. 

For (T G J-", generated by pj-^, . . . , pj^ , let Mf ■= {q e Mil < VhA >= 
-dij„ ■■■,< Pjs,q >= -dij,}. Then put < := E^eM- "i?^''- So g^ = if 
Mf = 0. 

We say that cr is adapted to Mi, ... , M^ and (dij) if the sets Mf , . . . , are 
non-empty. If this holds for all a the fan T is called adapted to Mi , . . . , M^ 
and {dij). Obviously: 

Lemma 1.4.1: If cr G J-" is not adapted to Mi, . . . , M^ and (dij) there is an 
i such that gf = 0. 

By a suitable choice of T and dij we can achieve that T is adapted to 
Mi,...,Mfe and {dij): 

Let A be the convex hull of Mi -|- . . . -|- M^ in R"*. If we assume that 
dim A = m, let J-q = J-q be the dual fan with respect to A. If dim A = m' is 
arbitrary we must be more careful: Fix g G A, let M"*" := M fl Span{A — q), 
:— Hom{M~^ ,Z), then we have a fan J^q in which is dual to A. 
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We have a canonical map — > N^; taking the inverse images of the 
cones of we get a cone decomposition J^q of which is only a fan if 
m' = m, we call it the dual cone decomposition. Let ^-"2 be a fan which 
refines J-q, it is complete; we have a toric morphism Xjr^ — > Let 
p'j,j = 1, .... r' be correspondingly defined (i.e. for J^2 instead of J-"), and let 
d[j :— — min{< p'j,q > | g G Mj}, i = 1, . . . ,k, j = 1, . . . ,r'. Then we may 
apply the machinery above with d'^j instead of dij. 

Lemma 1.4.2: 

a) The cones a E which are adapted to Mi, . . . , and (d^j) form a subfan 
Ti of T. 

b) If T is adapted to Mi, . . . , and (dij) the hypothesis of Lemma 1.2.2 

holds, and dij = — min{< Pj,q > \ q E M^}. 

c) With the notations above, J^2 is adapted to Mi, . . . , M^ and {d[j). 

1.5. Now let us formulate non-degeneracy conditions: Let Mi, . . . , M^, gi, . . . ,gk 
be chosen as in section 1.4. 

For p e let Mf ■= {q e Mi \ <p,q >= min{< p,q' > \q' E M^}, gf := 
X^gGM'' ^iq^'^- Then g is called non-degenerate with respect to Mi, . . . , Mj. if 
for every p the mapping (g(f, . . . ,gl) : (C*)™" has no critical point z 

with gf{z) — ... = gl{z) ~ 0. This condition is fulfilled if the coefficients 
are chosen generically. If we call g non-degenerate this is understood with 
respect to suppgi, . . . , suppg^, where suppgi :— {q \ aiq 7^ 0} (under the hy- 
pothesis that gi ^ 0, . . . , gk ^ 0). This is just the usual notion. 

On the other hand, let us call g := (gi, . . . , g^) weakly non- degenerate (resp. 
non-degenerate) with respect to Mi,...,Mfc if for every cone a E T the 
mapping (g^, . . . , g'^): (C*)"* — )■ C'^ has no critical point z with gi{z) — 
. . . = g1{z) = (resp. if moreover for every p ^ | the mapping {g^, . . . ,gl) 
: (C*)'" has no critical point z with gl{z) = ... = gl{z) = 0.) Then Y 

is called a non-degenerate (resp. non-degenerate) complete intersection in X 
with respect to Mi, . . . , M^. Of course the second condition can be dropped 
if T is complete. 

Let J-'i be chosen as in Lemma 1.4.2a), Xi := Xjr^. 

Lemma 1.5.1: a) If y is a weakly non-degenerate complete intersection in 

X with respect to Mi, . . . , M^ we must have that Y is contained in Xi. 

b) If F C Xi, F is a weakly non-degenerate complete intersection in X with 
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respect to Mi ,.. . if and only if y is a weakly non-degenerate complete 
intersection in Xi with respect to Mi, . . . , M^. 

Proof: a) If a is not adapted to Mi, . . . , M^ and {dij) we have Y n = 
because of Lemma 1.4.1. 

b) For a e T\J^i we have Y f] — hence there is no critical point z of 
«, . . . , : (C*)- ^ with g-{z) = . . . = gUz) = 0. 

We will now restrict to the case of an adapted fan. 

Lemma 1.5.2: Suppose that T is adapted to Mi, . . . , M^ and (dij). Then 
the following conditions are equivalent: 

a) g is non-degenerate with respect to Mi, . . . , M^, 

b) g is non-degenerate with respect to Mi, . . . , M^. 

Proof: U a e J^,p ea, we have g'^ — g^. 

In this case F is a non-degenerate complete intersection with respect to 
Mi,...,Mfc if the coefficients arc chosen generically. Note that it is not 
necessary to specify the numbers dij because we must have dij = — min{< 
Pj,q > I g e Mj}, by Lemma 1.4.2b). 

Lemma 1.5.3: Let g be weakly non-degenerate with respect to Mi, . . . , M^. 
Then the Jacobian matrix of G along Y' has rank k. 

Proof: Use Lemma 1.3.4. 

Therefore we can apply Lemma 1.3.3. This means that every weakly non- 
degenerate complete intersection is quasi-smooth resp. smooth if J-' is simpli- 
cial resp. regular. Note that the stronger condition of being non- degenerate 
is useful in order to have a compactification with the same property: 

Lemma 1.5.4: Let Y he a non-degenerate complete intersection with re- 
spect to Ml, . . . , Mfc and J-" adapted to Mi, . . . , M^ and (dij). Then there is 
a complete fan J-' and a non-degenerate complete intersection Y in X := Xy 
such that is a subfan of T and Y — Y^X. If is regular (resp. simphcial) 
T can be chosen to be regular (resp. simplicial), too. 

Proof. Let and J-'o be chosen as in the proof of Lemma 1.4.1. If we 
take the intersections of cones of J-q and T we just obtain the fan T . So we 
take a corresponding suitable refinement T of Tq. (Note that we have a toric 
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morphism Xjr — )■ X-p+ which is compactified by Xy — >■ X-p+.) 

So y is a Zariski open dense subset of some non-degenerate compact variety 

Y which can be chosen to be a (quasi-)smooth toric complete intersection if 

Y is (quasi-)smooth. 

It is useful to introduce a weaker notion. Note that the cones of J-" which are 
contained in d\J^\ form a subfan dJ^ of J-". In order to avoid complications we 
assume for the rest of section 1.5 that dJ^ is adapted to Mi, . . . , Mk and {dij). 
Let us call (gi, . . . , g^) non-degenerate at infinity with respect to Mi, . . . , Mk 
if the following holds: 

For every p ^ the mapping {g{,...,g^) : (C*)"* — >■ C'^ has no critical 
point z with gi{z) — . . . — gl{z) — 0. 

It is easy to see that this condition is generically fulfilled. In this case let 
us call Y non-degenerate at infinity with respect to Mi, . . . , M^. Of course 
the condition is automatically true if T is complete, that is why we speak 
of non- degeneracy at infinity. Furthermore Y need no longer be a complete 
intersection. In the case Mj = supp gi,i = 1, . . . , k, we simply say that Y is 
non-degenerate at infinity. 

Then it is again possible to compactify in a suitable way. It is convenient to 
use in the case where J-' is complete the following notion: Let J-'i be a subfan 
of J-" and Xi := Xjr^. Then Y is called non-degenerate along Y \ Yi with re- 
spect to Ml, . . . , Mfc if for alia eT\Ti the mapping (c/^, ...,gl): (C*)"" 
has no critical point z with gl{z) — . . . = gl{z) ~ 0. 

Lemma 1.5.5: Let Y be non-degenerate at infinity with respect to Mi, . . . , M^ 
Then there is a complete fan J-" and a subvariety Y oi X := Xy such that 
.F is a subfan T .Y ^X = Y and Y is non-degenerate along Y \ Y with 
respect to Mi, . . . , M^. If Y is (quasi-)smooth Y can be chosen to be (quasi- 
)smooth, too. Also, y is a complete intersection if and only if y is a complete 
intersection. 

Proof. Let us take the intersection of all halfspaces in of the form 
{g I < p, g >> c} with p e \ \T\ which contain Mi -|- . . . -|- M^. Let /"o be 
the cone decomposition which is dual to this convex set, it is not necessarily 
complete. The cones contained in d\T\ correspond to a subset T\ of Tq. Note 
that dT (the subfan of T whose cones are contained in d\T\ ) is a refinement 
of T\. So we can find a refinement of J-q which is a fan and contains dT as 
a subfan. If we add all cones of \ dT we obtain T. The rest is easy. 
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Conversely, if Y is compact and non- degenerate along Y \ Y with respect 
to Ml, . . . , Mk we have that Y is non-degenerate at infinity with respect to 
Mi,...,Mfe. 

1.6. We want to calculate certain invariants for smooth complete intersec- 
tions which are non-degenerate at infinity with the property that they do not 
depend on the particular choice of the coefficients involved in the defining 
equations. 

Let us assume that T is regular and let us fix dij, i — 1, . . . ,k, j — 1, . . . ,r, 

and let M, C {g G | < pj,q >> -dijj = 1, . . . ,r}. Put M := Mi x 
■ ■ ■ X Mfc. Let dJ^ be adapted to Mi, . . . , Mj. and dij. Let us choose J-" as in 
the proof of Lemma L5.5, T regular. Then let pi, . . . ,Pf be the generators of 
the corresponding edges, where f > r, and dij := — min{< Pj,q > \ q E Mj} 
for j > r. Let X, X, X', X be correspondingly defined. 

Put A" := X'xC^, similarly A', Put y := {(C,z,{aq)) e X' \ Eg o^iC^^^^-^^ = 
0,i = 1, . . . ,k}, where pi{q) := (< pi,qi > +dii, . . .,< Pr,qi > +4r)- simi- 
larly y . Furthermore, y := (tt, id){y'),y := {W, id){y ), where W : X — > X 
is defined in an obvious way. 

The canonical projection induces a mapping p : X — > C^. For (og) e 
we look at the following condition [R): 

(i?) The fibre of p\y over (a^) is a smooth complete intersection which is 
non-degenerate at infinity with respect to Mi, . . . , M^. 

Let S be the set of all points in C''^ where {R) is not fulfilled. Then we have: 

Theorem 1.6.1: 5 is a closed algebraic subset of C^, and p\y as well as 
p\y define topological fibre bundles over \ S. 

Proof. We can define a Whitney regular stratification of X, taking X and 
the orbits Oo-, o" G J-" \ J-", as strata. Taking the product with C'^ we get 
a corresponding stratification of X. Now y is obtained by transversal in- 
tersection along X\X, in particular y is smooth along this set. So \ 3^ 
is endowed with a natural Whitney stratification. Now S is the union of 
the critical values of the restriction of p to 3^ and to the strata of ^ \ 3^, 
hence a closed algebraic subset of C^. Here a point of y is called a critical 
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point of p I if it is a critical point of p\yreg or does not belong to ^reg- So we 
have a proper stratified submersion above the complement of S. Here we may 
apply Thom's first isotopy lemma in order to obtain topological fibre bundles. 

In particular, \ 5 is a Zariski-open subset of C^, hence connected. So 
we get: 

Corollary 1.6.2: Given Mi, . . . , M^, F and dij, T adapted to Mi, . . . , M^ 

and (c?jj), all corresponding smooth complete intersections which are non- 
degenerate at infinity with respect to Mi , . . . , are homeomorphic to each 
other. 

The varieties Y for which we will give a method to compute the Hodge num- 
bers are closed subvarieties of a compact toric variety which admit a partition 
into smooth locally closed subvarieties which are non-degenerate at infinity. 
The locally closed subvarieties are supposed to be the intersection of Y by 
some T-invariant and irreducible locally closed subvariety of X; as we will 
see in section 1.7, such a subvariety of X can be considered as a toric variety 
itself. An example of such a partition of Y is given as follows: 

Lemma 1.6.3: Let gi,...,gk and J" be as above, T complete. Suppose 
that for all < Z < A;, 1 < ii < . . . < < A; the mapping (gr^^, . . . , grjj is 
non-degenerate with respect to Mjj , . . . , Mj^ . Then the partition of Y into 
the sets HY , a E J-', is a partition into smooth locally closed subvarieties 
which are non-degenerate at infinity. 

If T is complete and the coefficients of gi,...,gk are chosen general enough 
Y admits therefore a partition into smooth locally closed subvarieties which 
are non-degenerate at infinity. 

There are, however, interesting cases which are not covered by Lemma 1.6.3 
directly but where it is possible to reduce to Lemma 1.6.3 by a homeomor- 
phism, by Theorem 1.6.1: 

Lemma 1.6.4 

a) Suppose that Y is smooth and non-degenerate at infinity. By changing 
the coefficients of gi, ■ ■ ■ ,gk we may obtain a homeomorphic variety Yi for 
which the intersections with all orbits are non-degenerate. 

b) Suppose that J-' is complete and that Y admits a decomposition into 
smooth complete intersections which are non-degenerate at infinity. Then 
the same conclusion as in a) holds. 
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2. Differential forms and Euler characteristics 

2.1. Let gi, . . . ,gk and Gi, . . . , Gfc be chosen as in section 1.3. Let us suppose 
that J-' is complete. We assume that the condition (**) of the end of section 
1.2 is fulfilled. Let Y be correspondingly defined. We assume that y is a 
complete intersection, in fact it is sufficient to assume that Y' is a complete 
intersection (see Lemma 1.3.2). 

Before looking at the cohomology of differential forms let us consider the 
cohomology of n^Ox'- In particular we will compute x(Y,Oy). Note that 
we can renounce here to the assumption that we have a simplicial fan! 

We can extend the action of (C*)'' on X' to an action of (C*)"" x (C*)™, 
where the action of (C*)™ corresponds to the canonical action on C™. The 
corresponding characters are given by {s,q) e x Z"*. This will lead to a 
finer graduation and a refined Poincare series for S — Ox'- 

Let cr e J-" be generated hy pi, ... ,pi. 

Lemma 2.1.1: For {s,q) e Z'' x Z"": dimH^{X^:,Ox')is,q) = 1 if < Pj,q > 
+Sj > for all j <l, H°{X^>, Ox')(s,q) = otherwise. 

Proof: The only possible elements of H^{X^',Ox'){s,q) are of the form 

For the higher cohomology groups we have of course, X^/ being affine: 
Lemma 2.1.2: H^{X^', Ox') = for A > 0. 

Let us introduce the following formal Laurent series in the variables xi, . . . , a;^, 

tl-i ■ ■ ■ 1 tm- 

P,{x,t) ■.^J2'^imH\X,>,Ox')is,q)xH'^ 

Let (7i,...,(T; be the maximal (i.e. m-dimensional) cones in T. Then we 
have an open affine covering Xg./ , . . . , X^^r^ of X' which we can use in order 
to compute cohomology. 

In particular, putting P{X',Ox'){x,t) := ^ x(X', Ox')s,ga;'^t^, we have 
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P{x,t):^PiX',Ox')ix,t)^ J2 E {-ir-'Pa,,n...naJx,t) 

1<1^<1 l<jl<...<ju<l 

Let H{s, q) be the coefficient at x^f^ in the series P{x, t), i.e. 



For i = 1, . . . , / let J, C {1, . . . , r} be defined as foUows: cr, is generated 
by the pj with j e J,. Then fl . . . fl aj^ is generated by the pj with 
j G n . . . n Jj^. By Lemma 2.1.1 the coefficient of Paj^n.-.naj^ {x, t) at x^f^ 
is 1 if Jj^ n . . . n Jj^ C := {j I < Pj, q >> —Sj} and otherwise. 

Now let / be a subset of {1, . . . , r} and u > 0. Then let rrij^i, be the number of 
all subsets K oi {1, . . . ,1} having u elements , for which the intersection of all 
Jk, k e -fC, is contained in I. Furthermore let xi '■— ^u>o(~^y~^''^i,'^- Then: 

Lemma 2.1.3: 

a) H{s,q) = x{X, {7r^Ox')s,q) = Xh,,, 

b) P{x,t) = Es,,Xi.„xH^- 

Let / be a subset of {1, .... r} and s G Z™. Then let nj^s be the number of all 
g e with < Pj, q >> -Sj ^ j G /, j = 1, . . . , r, i.e. n/,^ := {q\I = Is,q}- 

Since X is complete the vector spaces H^{X' , Ox>)s — H^{X, (tt^Cx')*) 
finite dimensional. Furthermore the dimension of H'^{X, {Tr*Ox')s,q) depends 
only on Is,q. Therefore X/ =^ i^i,s < oo- Altogether: 

Lemma 2.1.4: 

a) P{x) := P{x, 1, . . . , 1) = E. E/;x(/)^o Xini,sX', 

b) H{s) := ^gH{s,q) = E/:x(7)7^o X/^/,.- 

Proposition 2.1.5: 

a) (9y) is equal to the coefficient at a;° in the Laurent series P{x){l — 
^<^i) . . . (1 _ x"^"^), 

b) Or) = E.>o,i</i< -</.<;.(-l)'^(-^'i - ■ ■ ■ - ^'.)- 
Proof: a) By induction on j = 0, . . . , k: 

P{X', Ox'/{Gu • • • , Gj)) = P{x){l - x^') ■■■{!- x'^i). Indeed, for j = 



16 



1, . . . ,k we have an exact sequence 

Ox'/{G^, G.-i) ^ Ox'/{G^, Gj^,) Ox'l{G^, . . . , G,) ^ 
For j — k we obtain the assertion. 

b) follows from a). 

In particular, this gives if dimy = and the hypothesis of Lemma 
1.3.3b) is fulfilled. 

2.2. Now let us turn to differential forms. Therefore we want to work with 
manifolds or at least V^-manifolds. 

Therefore we suppose in this section from now on that the hypothesis of 
Lemma 1.3.3 is fulfilled. 

In particular let J-" be a simplicial fan chosen as in §1, T complete. Let 
Y C Xjr be accordingly defined. Then F is a compact ^-manifold which is 
a complete intersection. 

We consider algebraic differential forms in the sense of Zariski, cf. [O]. First 
let us look at 1-forms. Let be defined as follows: If X is smooth it is 
defined as usual. If X is quasi-smooth let i : Xq ^ X be the inclusion of the 
regular locus Xq, and let Qx '■— ^*^Xo- Note that the holomorphic analogue 
would be the sheaf of weakly holomorphic 1-forms. The reason for this mod- 
ification will be clear from Theorem 2.2.1. 

Similarly let fix, be the sheaf of regular algebraic 1-forms on X' := Xjr,. 
The action of the torus (C*)^ on X' induces corresponding actions on the 
cohomology groups. 

Furthermore, the action of the torus leads to vector fields Di, . . . , Dj. on X': 

n — /- — - —- - 

'dCj dzi dzm 

For < p < r, we have the mapping :— {Di, . . . , Dp) : Qy, — > Oy,- Let 
Theorem 2.2.1: ~ (7r*0^,^Jo- 
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Proof: Let Yq :— 7r~^(y^)) and i' be the inclusion of Yq in Y', ttq := 
7r|y^' : Yq Yq. Since i o ttq = tt o i' we have i*((7ro)*fiy^/^^) = 7r*(i'^Q^j^^). 

Now i'^^Y^j. = i'^{ker D'^ : — >■ Oy^) — ^y/ j. because Y' is smooth, so 
z*((7ro)*fiyj^^) = TT^^ly, .^. Taking care ofthe grading we get i*(((7ro)*fiyj^^)o) = 
(TT^Qy, ,.)o. Finally, ((7ro)*0yj ,.)o = ^y^, so := ufly^ = ^*(((7ro)*^^yj,r)o) = 
(7r*i^y,^^)o. 

Lemma 2.2.2: For p = 1, . . . , r we have an exact sequence 



Proof: We need only show that the mapping induced by Dp is surjective. 
Here it is sufficient to work with X„' instead of Y'. Assume that a is gener- 
ated by pjj, . . . Let h e 0{X^i) be given. 

If p ^ {ii, ■ ■ ■ ,ii} we have that G il\,{X^i) is mapped by Dp onto h. 

So let us look at the case p G {ii, . . . Note that / < m and there 

are such that (let {pij)i=i^^i^j=j^^^^^j^ ^ 0. So we can find 0j G 

= i,---,r,ipj G 0(Xo-'),j = l,...,m, such that 0j = for 
i = ii, . . . , i;, PuV'i = for i = 1, . . . , r, i 7^ p and 0p-Ej=i Ppi^i = 

h. In fact, the ^ are arbitrary (e.g. 0). Then, putting 

^ ELi ^^C^ + Er=i l^^i, we have u G Q^,, ^_i(X,0, Dp{uj) = /i. 

Note that we can associate to ^2^, a Poincare series: Let S be an ar- 
bitrary equivariant coherent sheaf on X', for instance <S = Q^c- Then 
TT^S is equipped with a grading: 7r*»S = ©sgzm(7r*<S)s. Now tt is affine, 
so {X,n^:S) = H^{X',S). So the grading of n^S induces a grading of 
H^{X',S). Since each (7r*iS)s is a coherent Ox-module the vector space 
H'^{X' ,S)s is finite dimensional and we can consider the Euler characteris- 
tic x{X,S)s := x(X', {n,S)s) = J^qi-^^ dim Hi{X',S)s. So we can finally 
define the formal Laurent series 

P{X',S){x) :=J2x{X,S)sX^ 

s 

In particular, we can look at 5 := fix, . Then we will see: 
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Proposition 2.2.3: x(y, fiy) is the coefficient at in the series P{x){l — 
x'^i) . . . (1 - x'^>')[xi + ... + Xr + m-r-x'^' - x'^*]. 

2.3. Now let us look at alternating differential forms: fly/ '■= A^^y'- 

Note that Jl^, and Qy, are equi variant coherent sheaves. 

Let rix' ■■= ©pfi^, and P{X,7T,nx'){x,t,y) := ^(^, 7r*0^,)(2^> The 
definition of P(a;, t) implies 

Lemma 2.3.1: P{X',Qx'){x,t,y) := P(X', fi^,)(a;, = P{x,t){l + 



Proof: Note that ^l^, is generated by d(i, . . . , d(r: 



Zm 



When we pass to a complete intersection we lose the grading with respect to 
q, so we put ti — . . . — tm — i- 

Lemma 2.3.2: P{Y', nx'/{Gi, Gk))ix, y) = P{x){l+yx,) . . . 
y)"'{l-x'^') ...{l-x"^"). 

Proof. By induction on j one shows for j — 1, . . . ,k: 

PiX',nx'/(Gu---,G,))ix,y) = P{x)il + yx^)...il + yxr){l + yr{l- 
x'^^ ) . . . [1 — x'^^ ). This is because of the exact sequence 

. . . , A nx'/{G^, G,_i) r2x'/(<^i, ...,Gj)^0 

For j — k we obtain the assertion. 

Lemma 2.3.3: P(r, l^y,)!^, v) = Pix)il+yx,) . . . {l+yxr)il+yr^ . . . 

Proof. For J = P{X' ^Qx' /{G^ ■ ■ ■ ,Gk,dG,, . . . ,dGj)){x,y) ^ 

P{x){l + yx,) . . . (1 + yxr){l + yr ^^;;X]:t7% - ™s is due to the exact 
sequence 

— )■ f^x'^/ (^1' • • • ' ^fc' dGi, . . . , dGj) — '4 fix'/ {Gi, . . . , G^, dGi, . . . , dGj^i) 
— )■ . . . , Gk, dGi, . . . , dGj) — > 

For j = k we obtain the assertion. 

For p = 0, . . . , r let ^Y',p '■— ^Y',p) let Qy := i*fiy^. 
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Lemma 2.3.4: For p = 0, . . . , r: P{Y', l^y/,^)(a;, y) = P{x){l + yxi) . . . (1 + 
yxr)\i-^y) i+j^^di • • • i+y^-dfc ■ 



Proof. For p > we have an exact sequence 

Do 



Finally: 

Theorem 2.3.5: ^y) is the coefficient at in the series 

P{x){l+yxi)...{l+yxr) l-x'^i l-x''k 

Proof. We have fly = (7r*f2y, ^)o, as in Theorem 2.2.1. 
In particular, we get Proposition 2.2.3. 

The use of the Poincare series made a compact formula possible, for the ac- 
tual computation the Hilbert function seems to be more useful: 

Corollary 2.3.6: x{Y,n'Y) = Ep.^l-ir^"" Ep+.,+...+.,<p Ei<,,<...<,,<. 
Ei<;i< -<;.<fe H{-ej, ej^-dh di^ - iidi ifc4). 

In the case Y = X we can derive more exactly: 

Theorem 2.3.7: x(X, is the coefficient at x^yH*^ in the series 

P{x,t){l+yxi)...{l+yxr) 
(l+yy-m 

2.4. Now let us look at symmetric instead of alternating differential forms. 
To indicate this we write ^2 instead of ^2. So (ly, '■= S^Vl\i , where 5*^ denotes 
the p-th symmetric tensor power. 



Lemma 2.4.1: P(X', OxO(x, = ■ 
Lemma 2.4.2: P(r , h^,/{G,, . . . , G,)){x, y) = 
Proof. By induction on j one shows for j = 1, . . . , /c: 

P(X',Q;,V(G„...,G,))(x,y) = ^X^,£^r. . cf. Lemma 2.3.2. For 
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j — k we obtain the assertion. 

Lemma 2.4.3: P{Y' ,ny,)i.,y) = ^^-^^^^-tSo^^UaT!:;!^""^^^^ • 

Proof. Forj = l,...,A:: P(r, (^x'/l^i, • • • , G^, rfCi, . . . , rfG',))(x, 

= ^\ This is because of the exact sequence 

— )■ . . . , Gfe, dGi, . . . , dGj^i) — i Q^,/{Gi, . . . , Gk, dGi, . . . , dGj-i) 

— >■ ^x'/ (^1' • • • ' dGi, . . . , dGj) — y 
For j — k we obtain the assertion. 

For p = 0, . . . , r let Qf., ^ := -5^^^,^^, := iM^Yo- 

Lemma 2.4.4: Forp < r: P{Y' ,ny,,){x,y) = '''''Yvi:^!^^^^ 

Proof. We have an exact sequence 

^ n^y,^^ ^ n^y,^_, ^ n'y-l_, ^ 

Finally: 

Theorem 2.4.5: xiY, Qy) is the coefficient at in the series 

Pix)(l-x'^l){l-yx'^l)...(l-x'^k)(l-yx'^k)(l-yY-'^ 

{l-yxi)...{l-yxr) 

Proof. We have l^f. ~ (7r,fi^,^^)o. 
In particular, we get Proposition 2.2.3. 
In the case Y = X we obtain more exactly: 
Theorem 2.4.6: x{Y, Cl^)q is the coefficient at x^yPfi in the series 



{l-yxi)...{l-yxr) ' 



2.5. Furthermore let us look at differential forms without any symmetry 
condition. Instead of we write now, so 
First we have by induction: 



Lemma 2.5.1: P(y', Qf., ^ P{x){l - x'^^) . . . {1 - x'^'')[xi + . . . + Xr + 
m — r — x'^^ — ... — x'^'^Y- 

For p = cf. Proposition 2.2.5. In order to prove the induction step we show: 
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Lemma 2.5.2: P{Y', n\,/{Gi, Gk)®OyMY',r){^) = P{x){l-x'^') . . . (1- 
x'^'')[xi -\- . . . -\- Xr -\- m — r — x"^^ — ... — x'^''Y{xi + . . . + + m). 

Lemma 2.5.3: P{Y\Vl\., ®Oy, ^Y^,r)i.^) = P{x){l -x'^^)...{l- x'^'')[xi + 
. . . + Xr + m — r — x^^ — ... — x'^'']P{xi + . . . + Xr + m — x^^ — ... — x^''). 

Finally we use the exact sequence — )■ Jly/ — > Jly/ — > Oy, — > 0. 

Lemma 2.5.1 implies for ClY',r '■— ®p^Y' r " 

Lemma 2.5.4: P(r, fiy, ,)(a;, y) := EpPiY' :^Y',r)W = 

P{x){l-x'^i)...{l-x'^k) 
l—y{xi+...+Xr+'m—i — x'^i — x'^fc) ' 

Theorem 2.5.5: xO^i ^y) is the coefficient at x^y^ in 

P{x)(l-X''i)...(l-X'^k) 

l—y{xi+...+Xr+m—r—x'''i—...—x'''k) ' 

Proof. We have (ly = (7r*f2y, ^)o. 

In particular, we get Proposition 2.2.3 again. 

In the case Y — X we have an additional grading and obtain in the same 
way as before: 



Theorem 2.5.6: x(X, (lx)q is the coefficient at x^yH"^ in — 



P{x,t) 



y{x-i+...+Xr+m-r) ' 



2.6. As an example let us take the case of complete intersections in weighted 
projective spaces. Let Wi^ . . . be positive integers which arc relatively 
prime. Then we have a corresponding grading for R := SpecC[zi, . . . , Zm]'- 
R — ®t>oRt, where Rt is spanned by the monomials • • • z^ with Wiji + 
. . ■+Wm3m — t- Then P(«,i,...,u,^) = Proj R is the corresponding weighted pro- 
jective space. The transcendental topology gives P(«,i,...,ty„) — \ {0})/ ~, 
where 2; ~ 2;' <^ there is a c e C* such that z'^ = c^^ Zj, j = 1, . . . , m. 

In fact, weighted projective spaces are toric varieties. It is easy to proceed 
as follows: Let Wq := 1. Then P(uio....,u-„o can be identified with X = Xj 
where T consists of all cones in M™" which are generated by at most m of the 
vectors po, ■■■,Pm, where po = (-Wi, . . . , -Wm) and Pj = ej, j = l,...,m. 
The fan is complete and simplicial but not necessarily regular, so X is com- 
pact and quasi-smooth. Furthermore, let (7° be the cone spanned by po, then 
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Let P{x) be defined as in section 2.1. We want to calculate P{x). Let 
(Tj be the cone generated by po, . . . . . . ,Pm, so Jj = {0, . . . ,j — 

1, j + 1, . . . , m}. If / is a subset of {0, . . . , m} having fi elements we have 
Jj^ n . . . n Jj^ C / if and only if {0, . . . ,m} \ {ji, • • • is contained in 
/. Therefore mi^,y = Putting A := m + 1 — u we get xi — 

Er=o(-l)""^(A)- So 1 for = m + 1, xi = (-1)"^ for = and 

Xi — ior < II < m. 

Now the number of all q such that < Pj,q >> —Sj,j = 0, . . . , m is by defini- 
tion equal to n{o,...,m},s- We have the following formula: 

Lemma 2.6.1: The number of all q such that < pj, q >> —Sj,j = 0, . . . , m 
is 



^{0,...,m},s — ^^Sq ■ ■ ■ 1 



-X'^rn 



Proof: We develop the function which appears on the right hand side 
in a Laurent series: Y^x~^^''°^'^^'^'^^^^^^'^'^'^"' ^ where the sum extends over 
all (go) • • • ! 9m) G Z™+"^ such that qj > —Sj.j = 0,...,m. So reso — 
#{(go, ■■■,qm)\qj > -Sj,j = 0, . . . , m, go + QiWi + . . . + g^Wm = 0} = 
#{(^1, ■■■,Qm)\qj > -Sj,j = 1, . . . , m, giwi + . . . + qmWm < So}, which is 
the number on the left hand side. 

On the other hand, the number of all g such that < pj,q >< —Sj,j — 
0, . . . ,m is equal to the number of all g' such that < Pj,q' >> Sj + l,j — 
0, . . . , m, i.e. 

n%,s = reso- — = (-1) res^ 



1 — a: 1 — a;™i 1 — x'^'^ 1 — x 1 — x^^ 1 — x^" 

as one sees using the substitution ^ = a;~^ and Lemma 2.6.1. So we get, with 

Lemma 2.6.2: P{xo, . . . , x^) = X) -^^(^0, ■ ■ ■ , s^x'^ ■■■x'^ with H{so, . . . , s^) 

0>°o 1-X ' ' ' l-x'^rn ■ 

The following result will be useful: 

Lemma 2.6.3: If Q{xq, . . . , x^) is a Laurent series, the coefficient in P ■ Q 
at Xg" • . . . • is: 



23 



Proof: Put Q = QsX^. Then the coefficient in P ■ Q at Xq° ■ . . . ■ is: 

t ' t^*0,OO ' ' ' 1-X^rn ^ S-t 

— rPt,. X-^O-l X-^l^l x-^"^'"" rt ^(so-to)+Wl(si-tl)+...+Wm{Sm-tm) 

Furthermore, Ylt ^ g^^;, . . . , x"''"). 

Now let gi, . . . ,gk € C[2;o, . . . , 2;^] be weighted homogeneous polynomials of 
degree di, . . . , dk with respect to the weights wq, . . . , Wm, i-e. gi is a linear 
combination of monomials Zq° . . . with wojo + . . . + Wmjm — di. If we put 
gi{zi, ...,Zm)-= gi{l, zi,..., Zm), := di and du := 0,1 = 1, . . . , m, we can 
apply section 1. Note that F is a quasi-smooth complete intersection as soon 
as gi, . . . ,gk define a complete intersection with an isolated singularity. By 
the previous results we get: 

Theorem 2.6.4: 

T^^Y) — "^^x=0,ool 'i^y=0 ij^y l-x'^a l-x^^l+yx-^l l+yx'^k 



X-'^y-P-^{l-x'^i){l-yx'^iy--(l-x'^k)(l-yx'^k){l-y) 



b) X^X^^y) — f^Sx=0,oof^Sy=Q (l-a;'"0)(l-yj;"'0)...(l-x™'")(l-i/a;»">) 

A ^/(Y QP ) - rP<, rP<, x-iy-^-i(l-a:''i)-(l-a:'^/c) 

W AV-f > "yJ — ' t=*a;=0,oo' ^^y=0 (i_3.«,o)...(l-a;'"m)(l-y(a;"'o+...+a;'"m-3;di x-^k-l)) 

We can also treat complete intersections in quasi-projcctivc spaces, passing 
to FPiOcto: look at the complete intersection defined hj ZQ,gi, . . . ,gk. In this 
way it is easy to see that Theorem 2.6.4 holds without the assumption that 
Wq — 1 provided that Wq, • • . , are relatively prime. In particular part a) 
proves then a formula which was announced in [HI]. 



3. Computation of Hodge numbers 



3.1. Recall that the cohomology of an algebraic variety Y is equipped with a 
canonical mixed Hodge structure, according to Deligne [D]: On H^(Y; C) we 
have an increasing filtration W and a decreasing filtration F ; let h^P'^iY) := 
dime Gr^gGvpH^ {¥ ; C). If F is a compact ^-manifold we have h^P'^iY) = 
if J P + so let hP'^iY) :~ in this case. If Y is even smooth 

and projective this coincides with the classical concept of Hodge numbers. 

The Euler-Hodge characteristics are the numbers eP'^(Y) := 'Yj{—iyh^P'^{Y). 
In the case of a compact V-manifold it is sufficient to calculate these num- 
bers, because e^^ = (— If we work with cohomology with compact 
supports we write ePi{Y). Note that is called eP^ in [D-K]. 

The aim of section 3 is to compute the Hodge numbers /i^^ for compact 
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quasi-smooth varieties Y which admit a decomposition into smooth com- 
plete intersections which are non-degenerate at infinity. 

As we will see, the essential step is to calculate the numbers e^^ for non- 
degenerate complete intersections in tori. But first we argue as follows: 

If Y is decomposed into y*, i — we have e^'^(F) = e^^(y) = 

Yl\=i ^c'^ 0^^) ■ So it is sufficient to calculate the numbers e^'^ for smooth 
toric complete intersections which are non-degenerate at infinity. 

Theorem 3.1.1: The numbers e^* of a smooth complete intersection Y 
which is non-degenerate at infinity do not depend on the particular choice of 
the coefficients. 

Proof. We use the results of sections 1.5 and 1.6 and induction on dimF. 
By Lemma 1.5.5 we have a smooth compactification y of y which is non- 
degenerate along y \ y. Now hPi(Y) = dim//«(y, Q^). So hPi(Y) depends 
on the coefficients of the equations involved in an upper semicontinuous way. 
Since Xlp+Q=r ^'^^l^) — b^{Y) = r-th Betti number and the Betti numbers 
are constant by Theorem 1.6.1 we get that the numbers hP'^{Y) do not de- 
pend on the particular choice of the coefficients. An analogous statement 
holds for the subsets of y \ y which are of the form y fl O^, by induction. 
By the additivity of the numbers e^* we get the assertion. 

So it is sufficient to calculate the numbers eP'^{Y), Y being defined as in sec- 
tion 1, provided that the coefficients involved are chosen generically. This 
means that we fix Mi , ... , and choose the coefficients generically. It 
is now no longer important that Y should be a smooth complete intersection 
which is non-degenerate at infinity. 

Now y decomposes into the sets y n Oo-, so it is sufficient to compute the 
numbers eP«(y nO^). 

Since the coefficients are chosen generically Y fl 0„ is a smooth complete 
intersection in 0^ - but not necessarily of codimension k ! This is be- 
cause some of the sets M^,...,M^ may be empty. Anyhow we are left 
with the question how to compute the numbers e^^(y*) where Y* — {z e 
(C*)"^ \ gi{z) = . . . = gk{z) = 0} (perhaps with a different k) and the coeffi- 
cients of gi ^ 0, . . . , Qk ^ are chosen generically. For the sake of complete- 
ness we note 
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CoroUeiry 3.1.2: The numbers e*'^(y*) depend only on the supports of 
gi,...,gkiig^{gi,...,gk)is non-degenerate. 

So it is sufficient to compute the numbers e^^(F*). 

3.2. Now let us compute the numbers e^* for Y* — {z e (C*)"* | gi{z) — . . . — 
gk{z) = 0} where g = {gi, . . . ,gk) is non-degenerate. Because of section 3.1, 
we may suppose that for all 1 < ii < . . . < 2^ < ^ the mapping {gi-^, . . . ,gij 
is non-degenerate, too. In fact, the proof in [D-K] needs this assumption too, 
without being mentioned explicitly. 

By induction on m and - for fixed m - on k let us calculate the numbers 
eP<i(Y*). 

Induction step: We distinguish the cases dim A < m and dim A — m, where 
A is the convex hull of supp gi + . . . + supp g^. 

If dim A < m, we may reduce to the case of a torus of smaller dimension, 
using Kiinneth formula. 

So suppose that dim A = m. Let be the dual fan to A, y = e 
(C*)"^ \gi{z) ■ . . .■ gk{z) — 0} Then we have the following Lefschetz theorem: 

Proposition 3.2.1: The pair ((C*)™",!^) is (m — l)-connected. 

Proof. There is an ample sheaf S on Xj^^ associated with A, see [O] Theorem 
2.22, and gy. . .-g^ can be interpreted as a section of 5, so Xj:^\{gi-. . .-g^ = 0} 
is affine. Therefore there is a fundamental system of neighbourhoods U of 
{c/i ■ . . . ■ 5fe = 0} in X^^ such that the pair ((C*)™, (C*)'" n U) is (m - 1)- 
connected. Because of the nondegeneracy assumption y is a deformation 
retract of (C*)"* fl U. So we get the assertion. 

There are other versions of Lefschetz theorems for the torus, see [Ok] . 
So we get: 

Lemma 3.2.2: ePi{Y) = eP«((C*)"*) fiir p + g < n := m - A;. 

Proof. Assume that p + q < n. Since gi ■ . . . ■ g^ = defines a divi- 
sor with normal crossings in (C*)™, GrJ^H^{Y;Q) = ior I < j — k, so 
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h^Pi(Y) = h^P%{C*)"') = for j > m - 1. For j < m - 1 we may apply 
Proposition 3.2.1 and obtain that h^Pi{Y) = /i^>9((C*)"*). 

Now we can compute the cohomology of F by a spectral sequence which 
involves the cohomology of the spaces (C*)™ fl {gi-^ = . . . = gi^ = 0} with 
1 < ii < . . . < is < k. In particular we obtain 

Lemma 3.2.3: e^^iY) = E.>o,i<n<...<i.<.(-l)^"'e^n(C*)"^ n {^,, = ... = 
9is = 0}). 

By induction the numbers e^'^((C*)™ n {gi^ = . . . = gfj^ = 0}) with s < k 
are known. Using Lemma 3.2.2 we obtain the numbers e*'^(y *) with p+q < n. 

By duality we get e^^(F*) for p + g > n. 

Let T a simplicial subdivision of Tq. Let Y be correspondingly defined; Y is 
a y-manifold. By induction hypothesis e^''(F \ Y*) is known, so e^*(y) for 
p + q > n. By Poincare duality e^^(y) is known for p + g < n, too. What 
is missing is the computation of e^^(y) for p + q = n, which is accomplished 
with the help of the numbers e^(F) = '^gG^'^iy) = xi^y^y) calculated in 
Theorem 2.3.5. So in total we know the numbers e^'^(F). 

As said before, the numbers e^'^{Y \ Y*) are known, so all e^^(y*), too. 

Example 3.2.4: Let J-" be the fan which consists of all cones which are 
spanned by at most four of the vectors ei, 62, 63, 64, — ei — ... — 64 in R^. 
Then X ~ P4. Let 5^1(2;) := zf + + zj + zj - 1, g^iz) := zf - z^ + z^ - zf. 
Then gi, g2 define a smooth complete intersection in X, and gi, g2 resp. gig2 
define hypersurfaces Yi,Y2 resp. Y. Note that not all of the hypersurfaces 
are smooth. 

First we calculate the numbers e^* for the intersection of the hypersurfaces 
by T, p + g < 2 = dim y. 

By Lemma 3.2.2, we have ePi{Yi DT) = ePi{Y DT) = ePi{T) for p + g < 2. 
The support of g2, however, spans a hypersurface, so y2nT is a total space of 
some C* bundle, namely with base space B := {z & (C*)^ \ zf — Z2+ z^ = 1}. 
Again, we have e^'^(i?) = eP^((C*)^) for p + g < 2. By Kiinneth we get 
ePi{Y2r)T),p + q<2. 

Now we obtain the numbers eP«(ynT) = ePi{YinT) + eP''{Y2nT)-eP'i{YnT) 
for p + g < 2. 

By duality we get the numbers e^^(y (IT), p + q > 2. 

Now ef«(y) = eP^Y n T) + eP'^{Y n (X \ T)). Since dim y n (X \ T) < 1 
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we have that the numbers e^^ of this space with p + q > 2 vanish, so the 
numbers e^'^{Y) = e^'^{Y n T) for p + q > 2 arc known. 
By duahty we know e^'^iY) for p + g < 2, too. So it is sufficient to calculate 
e^{Y), where we can use Theorem 2.6.4. 

Example 3.2.5. Let N — and T be the fan in whose cones are 
generated by at most three of the following vectors: po = {—wi, —W2, —W3), 
Pj = Cj, j = 1,2,3 with Wi = 4,W2 = 2,ws = 3. Then X := Xjr is the 
weighted projective space P^j,, with w = (wq, . . . , w^) and wq = 1. It is quasi- 
smooth but not smooth because J-" is simplicial but po,P3 cannot be extended 
to a basis of Z^. Note that can be regarded as an open subset of T, it 
corresponds to the cone generated by Pi,P2,P3- See section 2.6. 
Now let Qq := z\ + + and g '■= go — 2z1 + 2:2 + 1. Note that g^ is a 
convenient weighted homogeneous polynomial (with respect to the weights 
above) with an isolated singularity. 

By Lemma 1.3.3 it is easy to see that g defines a quasi-smooth hypersurface 
Y m X. Note that Y intersects the singular locus of X. 

On the other hand, g is not non-degenerate: For p := (1,1,0), wc have 
g^^ = {z1 — 1)^. So we cannot work with Y r\T directly. In fact, Y is tangent 
to the orbit {0} x C* at the two points (0, 0, ±1). 

But y nC^ is smooth and non-degenerate at infinity. The Euler- Hodge char- 
acteristics of this space do not change if we pass from g to gi :— gQ — 1. So 
we can apply the procedure above. 

Let Y now be defined using gi. Then e^^(y flT) = e^^(T), p + q < 2, so these 
numbers are known. So we get e^''(y fl T), p + q > 2. Similarly as in the 
preceding example we have e^'^iY) = e^^(FnT) for these p, q. By duality we 
know e*'^(y) for p + 5 < 2, too. Since we can calculate e^(y) we obtain all 
numbers /i^^(y). 

Example 3.2.6. Let N = Z'^ and J-" be the fan in whose cones are gen- 
erated by at most four of the following vectors: po = {—wi, —W2, — W3, —1^4), 
Pj — Cj, j — 1, . . . ,4 with Wi — W2 — W3 — 2, ^4 = 1. Then X :— Xjr is 
the weighted projective space P^^, with w = {wq, . . . ,104) and Wq = 1. Let 
go := zf + Z2 + z1 + Ziz\, g '■= go — 1. Note that go belongs to Orlik's list 
of non- convenient weighted homogeneous polynomials (with respect to the 
weights above) with an isolated singularity. 

By Lemma 1.3.3 it is again easy to see that g defines a quasi-smooth hy- 
persurface Y in X. Note that Y intersects the singular locus E of X. In 

weighted homogeneous coordinates, the latter is given by Zq = Z4 = 0. 
Here the intersection of Y with an orbit of X may be an entire orbit in- 
stead of a hypersurface in the orbit: zo = zi = Z2 = Z4 — 0. But y \ E 
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is non-degenerate at infinity. Therefore we can proceed as in the preceding 
example. 

Note, however, that we can no longer expect that e^'^{Y) = e^^(y fl T), 
p + q > dim Y = 3, because we have to take e^^(F fl Oa) into account if 
dim YnOa = 2. 

3.3. As we have seen in the examples the method described above can lead 
to complicated calculations. In special cases, however, shortcuts can reduce 
the labour consideraby. 

In fact, the examples above belong to a class of examples which can be treated 
much more easily: complete intersections in weighted projective cases. The 
results have already been announced in [HI]. They generalize the calculation 
made by Hirzebruch [Hi2] Theorem 22.1.1 for complete intersections in pro- 
jective space - in fact he assumed that the participating hypersurfaces are 
smooth, too, which is not true in Example 3.2.4. Numerically, however, this 
plays no role, as one sees by some deformation argument. 

Let X := P^, w = {wq, . . . ,Wm)- Let F be a complete intersection in X of 
dimension n. Then we have a Lefschetz theorem for rational cohomology: 

Lemma 3.3.1: The mapping H^{X;Q) — >■ H^{Y;Q) is an isomorphism for 
j < n and injective for j — n. 

Proof: By duality we have W{X,Y;Q) ~ H2m-j{X \ F;Q). So we must 
show that H^{X \ F; Q) = for j > m + k. But we have Y ^ Yi D . . . DYk, 
where Y^ is defined by gi — 0, and X \Yi^[J . . .UYi^ is affine, so H^{X \ Yi^ U 
. . . UYi,; Q) = for 1 < ii < . . . < i; < A;, j > m, therefore W{X\Y] Q) = 
for j >m-\- k. 

Now Lemma 3.3.1 implies that N"^{Y) — Spq ior < p < n, < q < n, 
p + q n. So we get all /i^*(y) as soon as we know e*'(y), which can be 
computed using Theorem 2.6.4. 

Examples: Examples 3.2.4-3.2.6 can be treated much more easily by this 
method. 

Another simple case is dim Y < 1. Note Y is smooth because Y is a, V- 
manifold and that we have h'^^lY) = &o(^) = number of connected compo- 
nents of Y, which settles already the case dim Y = 0. In the case dim Y = 1 
it is therefore sufficient to compute the numbers e^(F), using Theorem 2.3.5. 
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In the following examples we take X = product of projective spaces in order 
to avoid the case X = weighted projective space where Lemma 3.3.1 leads 
to a considerable simplification. 

Example 3.3.2: The space P2 x Pi is a toric variety, it is a compactifica- 

tion of C^. Let Y be the closure of {z e C^\zf + — 1, Zi — Z2Z^ = 0} ~ 
{z G I 2:1(^3 + 1) = 1}. Solving the last equation for Z2 shows that Y is 
connected, so using e^{Y) we get all Hodge numbers of Y . 

Now there are other special arguments to simplify the computation. 

For example, we can argue in the case of Example 3.3.2 as follows: 

Let Z be the closure of {z E 'C'^ \ zi + z^ = 1} in P2. Then Z is a rational 

curve, and Y is the graph of the morphism Z ^ Fi. {zi, Z2) ^ So F ~ Pi. 

Example 3.3.3: The space P3 x Pi is a toric variety, it is a compactification 

of C'^. Let Y be the closure of {z e \ zf + Z2 + zj — 1, Zi — Z2Z4 — 0}. 
Then F is a smooth toric complete intersection. 

Let Z be the closure of {z e \zf + Z2 + z^ = 1} in P3. The map 
{z e n Z\z2 7^ 0} — > C: (^1,^2,^3) I — > ^ can be extended to a 
holomorphic map Z\{(0,0,±1)} — > Pi. Then Y is the closure of the graph 
of this mapping in Z x Pi. The fibre of Y Z over (0,0, ±1) is Pi. So 
hP'i{Y) = hP^{Z) for {p,q) ^ (1,1), h^\Y) = h}\Z) + 2. For the Hodge 
numbers of Z, use Lemma 3.3.1. 

Example 3.3.4: Let X :— ^2 x Pi, Zq,Zi,Z2 and Wq,Wi the homogeneous 
coordinates on P2 resp. Pi, g{zQ, Zi, Z2.iWq,Wi) :— ZiWq — Z2W1. Then Y is 
smooth. We decompose Y: 

Yn{wo 7^ 0, ^2 7^ 0} is the graph of the function C: (2^1, Z2) ^ wi := ^, 

Y n {wo 7^ 0, 2:2 = 0} is isomorphic to C, 
y n {wo = 0} is isomorphic to Pi. 

Altogether we obtain that Y has the same Hodge numbers as Pi x Pi. 

But Y is not even homeomorphic to Pi x Pi: 

In fact Y arises by blowing up the point (1 : : 0) in P2, see [Fi] p. 164. 
At the same time, Y is the Hirzebruch surface Ei. Now Eq ~ Pi x Pi, and 
by [Hil] we have that E^ is homeormorphic to E; if and only if A; — Hs even. 
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